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Motivations

There exist many practical representations of imprecise probabilities. It is therefore important to study their relationships, for various reasons (compare their expressive power and check how easy they

can be handled for propagation, fusion, ...).

Here, we study convex families P of probability distributions defined over finite spaces X = {z1,.

Random Sets [2]

Mapping I' from probability space to power set p(X
For finite X, masses m > 0 over o(X) (>_m(E)=1; m(() =0)
ECX
= Bel(A)= >  m(FE); PI(A)=1— Bel(A°) = m(E).
E,ECA E,ENAZ#()

Associated Probability family
—> Ppel = {P|VA C X,Bel(A) < P(A) < PI(A)}

Bel = P : co-monotone capacity

Possibility distributions [3]

Mapping 7 from X to [0, 1] (dx s.t. 7(x))
= [I(A) = suppcgqm(x); N(A)=1-T1I(A°).

P-boxes [4]

Pair of cumulative distributions F < F.

Associated probability family

— Pp g = {P|F(x) < FP(x) < F(x) Vx < R} with p prob. dist.

= Notion of cumulative distribution based on natural ordering of numbers

Generalized cumulative distribution

= <p:complete preordering on X and R-downset (z|p : {z; : z; <p x}

= Generalized cumulative distribution Fp(z) = Pr((z]p) Vr € X
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/ Generalized P-boxes

pair of generalized cumulative distributions Fp(z) < Fp(x)

Associated probability family

= Ppy, = {PIFR(x) < FR(x) < Fr(x) Vx € X} with p prob. dist.

Relation with possibility distributions

= F'p(x) can be viewed as possibility dist. mp (max,c 4 F}/\%(x) > Pr(A))
— Pp§, = Pr, NP1 r, with Fp, 1 — I possibility distributions

Relation with random sets

— BE,FR . co-monotone capacity (Gen. p-boxes C random sets)

Relation with probability intervals

From [l;, u;|, compute Fp(x) = maX(Za:@E(x]R li,1— ZZC@%(Q?]R u;) and
Fr(z) =min(}, (s, Ui 1 = 2,é(z],li) = Loss of information

Examples of generalized p-boxes
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Summary

Lower /upper prob.

2-monotone capacities

Associated Probability family
— Pr={P,VA C X,N(A) < P(A) <II(A)}

: co-monotone and maxitive capacity

,apyand s.t. P = {P[VA C X, P(A) < P(A) < P(A)} with P(A) = inf pep(P(A)), P(A) = suppep(P(A)).

Probability Intervals [1]

Probability bounds |/;, u;] on singletons ;.
Associated Probability family
PL = {P[li < p(x;) < u; Vx; € X}

:>_£(A) =max()_, el 1 — ingéA U;);
P(A) = mm(ineA U, 1 — szgéA L;)

P : 2-monotone capacity

-
Neumaier’s Clouds [5]
Pair of distributions (4, 7) with §(z) < 7(z)vVe € X Relation with possibility distributions
equivalent to Interval-valued Fuzzy sets — Ps, =P, NP, with | — 0, possibility dist.
Associated probability family 1 0
1 -+
= Psr = {PIP({x|0(x) 2 a}) <1 —a < P({x|n(x) > af)
Thin clouds : /=7
(87
Fuzzy clouds : §(z)=0Vxr e X
(equivalent to possibility distributions)
Comonotonic clouds Non-comonotonic clouds
A A,
T T
A2 B, A2
A3 BZ 6 A3 B2
B3 Bs 8
S— Distributions ¢, 7 are comonotonic = sets A;, B; Distributions §,7 are not comonotonic = sets
SRS | are nested A;, B; are no longer nested.
Relation with Gen. p-boxes Characterization
Gen. p-boxes and comonotonic clouds are equi- If there are 2 sets A;, B; s.t. A;NB; € {A;,B;,0},
valent representations then — P; ; is not even a 2-monotone capacity.
Relation with random sets Neumaier’s outer approximation

—> Ps 1 co-monotone capacity

Particular cases

Thin clouds : P, is empty in finite case and

max(Nz(A), Ni_5(A)) < P(A) < min(Tz(A), IT;_5(A))
= Bounds easy to compute

Random set inner approximation

contains an oo number of distributions in the Take m(A; \ Bi_1) = aj—1 — q;

continuous case.

p= Advantages of co-monotonicity, exact repre-
sentation when 9, 7 are comonotonic.

Perspectives and open problems

b= Extend results to characterize lower/upper previsions of p-boxes, clouds and generalized p-boxes and
give formulas of these previsions. (Miranda et al., 2006 ; de Cooman et al. 20006)
= Are operations of fusion, propagation, computations of expectation and variance, conditioning easy to

| Non-comonot. clouds |

achieve for these representations ?

Random sets (co-monot)
Probability Intervals l

| Comonotonic clouds |

[

‘Generalized p-boxes ‘

!

P-boxes

Possibilities

Probabilities

A — B : Bis a special case of A

= Explore link between generalized p-boxes, clouds and linguistic assessments ? (de Cooman, 2005)
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